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Lp-BOUNDS FOR THE CˇEBYSˇEV FUNCTIONAL
MOHAMMAD W. ALOMARI
Abstract. In this paper several new bounds for the Cˇebysˇev functional in-
volving Lp-norm are presented.
1. Introduction
In order to study the difference between two Riemann integral means, Barnett
et al. [1] have proved the following estimates:
Theorem 1. Let f : [a, b] → R be an absolutely continuous function with the
property that f ′ ∈ L∞[a, b], i.e.,
‖f ′‖
∞
:= ess sup
t∈[a,b]
|f ′ (t)| .
Then for a ≤ c < d ≤ b, we have the inequality∣∣∣∣∣ 1b − a
∫ b
a
f (t) dt−
1
d− c
∫ d
c
f (s) ds
∣∣∣∣∣(1.1)
≤
[
1
4
+
(
(a+ b) /2− (c+ d) /2
(b− a)− (d− c)
)2]
[(b− a)− (d− c)] ‖f ′‖
∞
≤
1
2
[(b− a)− (d− c)] ‖f ′‖
∞
.
The constant 1/4 in the first inequality and 1/2 in the second inequality are the best
possible.
After that, Cerone and Dragomir [2] have obtained the following three results as
well:
Theorem 2. Let f : [a, b] → R be an absolutely continuous mapping. Then for
a ≤ c < d ≤ b, we have the inequalities∣∣∣∣∣ 1b− a
∫ b
a
f (t) dt−
1
d− c
∫ d
c
f (s) ds
∣∣∣∣∣(1.2)
≤

(b−a)
(q+1)1/q
[
1 +
(
ρ
1−ρ
)q]1/q [
vq+1 + λq+1
]1/q
‖f ′‖p ,
f ′ ∈ Lp [a, b] , 1 ≤ p <∞,
1
p +
1
q = 1;
1
2 [1− ρ+ |v − λ|] ‖f
′‖1 , f
′ ∈ L1 [a, b] ;
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where (b− a) v = c − a, (b− a) ρ = d − c and (b− a)λ = b − d. Both inequalities
in (1.2) are sharp.
In this paper several new error bounds for the Cˇebysˇev functional involving Lp-
norm are presented.
2. On Pecˇaric´ and Peric´ Result.
For the celebrated Cˇebysˇev functional
T (f, g) =
1
b− a
∫ b
a
f (t) g (t) dt−
1
b− a
∫ b
a
f (t) dt ·
1
b− a
∫ b
a
g (t) dt.(2.1)
the following sharp bounds involving Lp-norms are proved in literature:
Theorem 3. Let f, g : [a, b]→ R be two absolutely continuous functions, then
|T (f, g)| ≤

(b−a)2
12 ‖f
′‖
∞
‖g′‖
∞
, if f ′, g′ ∈ L∞[a, b] proved in [3]
(b−a)
π2 ‖f
′‖2 ‖g
′‖2 , if f
′, g′ ∈ L2[a, b] proved in [4]
1
8 (b− a) (M −m) ‖g
′‖
∞
, if m ≤ f ≤M, g′ ∈ L∞[a, b] proved in [6]
(2.2)
The constants 112 ,
1
π2 and
1
8 are the best possible.
In 2006, Pecˇaric´ and Peric´ [7] generalized the Cˇebysˇev functional for n-times
differentiable functions whose n-th derivatives are integrable. In special case, for
n = 1 they obtained that:
Theorem 4. (Pecˇaric´ & Peric´ (2006)) Let f, g : [0, 1]→ R be two functions such
that f ′ ∈ Lq[a, b] and g
′ ∈ Lp[a, b] are integrable on [0, 1]. Then, the following
inequalities are hold:
|T (f, g)| ≤
1
8
‖g′‖p ‖f
′‖q ,(2.3)
for all p, q > 1 with 1p +
1
q = 1, where T (f, g) is defined along the interval [0, 1]
instead of [a, b].
and
|T (f, g)| ≤
1
(q + 1)
1
q
[
Γ2 (p1 + 1)
Γ (2p1 + 2)
] 1
p1
‖g′‖p ‖f
′‖q1 ,(2.4)
for all p, q, p1, q1 > 1 with
1
p +
1
q = 1 and
1
p1
+ 1q1 = 1. Moreover, if one chooses
• q1 = p, then (2.4) becomes
|T (f, g)| ≤
1
(q + 1)
1
q
[
Γ2 (q + 1)
Γ (2q + 2)
] 1
q
‖g′‖p ‖f
′‖p .(2.5)
• q1 = q, then (2.4) becomes
|T (f, g)| ≤
1
(q + 1)
1
q
[
Γ2 (p+ 1)
Γ (2p+ 2)
] 1
p
‖g′‖p ‖f
′‖q .(2.6)
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In particular, they presented an optimal value of Ca,b(p, q) for arbitrary conjugate
exponents p, q, i.e., 1p +
1
q = 1, p > 1. Namely, if f
′ ∈∈ Lp[a, b] and g
′ ∈ Lq[a, b],
then
|T (f, g)| ≤
1
8
‖f ′‖p ‖g
′‖q , ∀ p, q > 1,
1
p
+
1
q
= 1.(2.7)
Unfortunately, wrong calculations had been made in [7]. Let us observe that the
function presented in [7], does not satisfies the optimal sharpness where the authors
seeking the best possibility of 18 in the case p =∞, q = 1.
Example 1. Let g(x) = x, x ∈ [0, 1] and f˜ǫ(x) :=
∫ x
0
f˜ǫ(t)dt, where
f˜ǫ (t) =

1
2·ǫ , ǫ ∈
(
1
2 − ǫ,
1
2 + ǫ
)
0, otherwise
for all ǫ ∈
(
0, 12
)
. It is not difficult to compute
f˜ǫ(x) :=
∫ x
0
f˜ǫ(t)dt =
∫ 1
2
−ǫ
0
f˜ǫ(t)dt +
∫ x
1
2
−ǫ
f˜ǫ(t)dt
= 0 +
∫ x
1
2
−ǫ
1
2ǫ
dt
=
(
x−
1
2
+ ǫ
)
1
2ǫ
, x ∈ [0, 1]
∫ 1
0
f˜ǫ(x)dx =
1
2ǫ
∫ 1
0
(
x− 12 + ǫ
)
dx =
(
1
2+ε
)2
−
(
−
1
2+ε
)2
4ε ,
∫ 1
0
xdx = 12 ,
∫ 1
0
f˜ǫ(x)g(x)dx =
1
2ǫ
∫ 1
0
x
(
x− 12 + ǫ
)
dx = 124ǫ +
1
4∣∣∣∣∣ 124ǫ + 14 −
(
1
2 + ε
)2
−
(
− 12 + ε
)2
8ε
∣∣∣∣∣ ≤ C · 12ǫ · 1
lim
ε→0+
∣∣∣∣∣ 112 + ǫ2 −
(
1
2 + ǫ
)2
−
(
− 12 + ǫ
)2
4
∣∣∣∣∣ = 112 ≤ C.
Hence, the suggested functions does not satisfy the sharpness of (2.7) in the case
p =∞, q = 1, as claimed in [7].
We remark that the first result involving absolutely continuous functions whose
first derivatives belong to Lp spaces was unpublished and not achieved as cited by
the authors of [5]. This result was presented by Beesack, Mitrinovic´ and Vasic´ and
mentioned in [5], (p.302) without proof, which reads:
|T (f, g)| ≤
b− a
4
(
2p − 1
p (p+ 1)
) 1
p
(
2q − 1
q (q + 1)
)1
q
‖f ′‖p ‖g
′‖q ,(2.8)
where ‖h‖p :=
(∫ b
a |h (t)|
p
dt
)1/p
, ∀p ≥ 1 and 1p +
1
q = 1.
We remark here, for the constant
ω (p, q) :=
1
4
(
2p − 1
p (p+ 1)
)1/p(
2q − 1
q (q + 1)
)1/q
,
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we have
1
8
≤ ω (p, q) ≤
1
4
,
for all q = pp−1 , p > 1. Furthermore, we have the following particular cases in (2.8).
(1) If p = q = 2, we have
|T (f, g)| ≤
b− a
8
‖f ′‖2 ‖g
′‖2 .(2.9)
(2) If q −→∞, we have
|T (f, g)| ≤
b− a
4
‖f ′‖1 ‖g
′‖
∞
.(2.10)
The first case was improved by Lupas¸ [4] and the second was improved in [7] (and in
this work as well). As a final comment, the problem that what is the best possible
constant Ca,b(p, q) would satisfies the inequality
|T (f, g)| ≤ Ca,b(p, q) ‖f
′‖p ‖g
′‖q ,(2.11)
for all p, q > 1 such that 1p +
1
q = 1? is an open problem.
3. The Results
Another proof for the Cˇebysˇev inequality (the first inequality in(2.2)) is consid-
ered as follows:
Theorem 5. Let f, g : [a, b] → R be two absolutely continuous on [a, b]. If f ′ is
bounded on [a, b], i.e., ‖f ′‖
∞
:= sup
t∈[a,b]
|f ′ (t)| <∞, then
|T (f, g)| ≤
(b− a)2
12
‖g′‖
∞
‖f ′‖
∞
(3.1)
The constant 112 is the best possible.
Proof. Using integration by parts, we have
T (f, g) = −
1
b− a
∫ b
a
(∫ t
a
g (s) ds−
t− a
b− a
∫ b
a
g (s) ds
)
f ′ (t) dt.(3.2)
Taking the absolute value in (3.2) and utilizing the triangle inequality, so as f ′ is
in L∞([a, b]), we have
|T (f, g)| ≤
1
b − a
∫ b
a
∣∣∣∣∣(t− a)
[
1
t− a
∫ t
a
g (u) du−
1
b− a
∫ b
a
g (u)du
]∣∣∣∣∣ |f ′ (t)| dt
≤
‖f ′‖
∞
b− a
·
∫ b
a
(t− a)
∣∣∣∣∣ 1t− a
∫ t
a
g (u) du−
1
b− a
∫ b
a
g (u)du
∣∣∣∣∣ dt(3.3)
≤
‖f ′‖
∞
2(b− a)
‖g′‖
∞
∫ b
a
(t− a) (b− t) dt
=
1
12
(b− a)
2
‖f ′‖
∞
‖g′‖
∞
,
where, in (3.3) we have used the inequality (1.1), with d = t and c = a. The
sharpness holds with the identity function f(x) = x, x ∈ [a, b]. 
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Theorem 6. Let f, g : [a, b] → R be two absolutely continuous on [a, b]. If f ′ is
bounded on [a, b], i.e., ‖f ′‖
∞
:= sup
t∈[a,b]
|f ′ (t)| <∞ and g′ ∈ Lp[a, b] then
|T (f, g)| ≤
(b− a)
2
(q + 1)1/q
B
(
2, 1 +
1
q
)
· ‖g′‖p ‖f
′‖
∞
(3.4)
where, p > 1 and 1p +
1
q = 1.
Proof. To prove (3.4), in (3.3) we apply (1.2), by setting d = t and c = a, we get
(3.5)
∣∣∣∣∣ 1t− a
∫ t
a
g (s) ds−
1
b− a
∫ b
a
g (s) ds
∣∣∣∣∣
≤
(b− t)
1
q
(q + 1)
1/q
(b− a)
1
q
[(t− a)q + (b− t)q]
1/q
‖g′‖p
for all 1 < p <∞, 1p +
1
q = 1.
Substituting (3.5) in (3.3), we get
|T (f, g)| ≤
‖f ′‖
∞
(b− a)
‖g′‖p
(q + 1)
1/q
(b− a)
1/q
∫ b
a
(t− a) (b− t)
1
q [(t− a)q + (b− t)q]
1/q
dt
≤
‖f ′‖
∞
(b− a)
‖g′‖p
(q + 1)
1/q
(b− a)
1/q
sup
t∈[a,b]
[(t− a)q + (b− t)q]
1/q
∫ b
a
(t− a) (b− t)
1
q dt
= ‖f ′‖
∞
1
(q + 1)
1/q
(b− a)
2
B
(
2, 1 +
1
q
)
· ‖g′‖p
which proves (3.4). 
For two absolutely continuous functions whose first derivatives belongs to L1[a, b],
a sharp inequality is incorporated in the following theorem.
Theorem 7. Let f, g : [a, b] → R be two absolutely continuous on [a, b]. If f ′ ∈
L1[a, b], then
|T (f, g)| ≤ ‖f ′‖1

(b−a)
4(q+1)1/q
· ‖g′‖p , if g
′ ∈ Lp [a, b] ;
1
4 ‖g
′‖1 , if g
′ ∈ L1 [a, b] ;
(3.6)
where, p > 1 and 1p +
1
q = 1.
Proof. As f ′ ∈ L1([a, b]), we have
|T (f, g)| ≤
1
b− a
∫ b
a
∣∣∣∣∣(t− a)
[
1
t− a
∫ t
a
g (u) du−
1
b− a
∫ b
a
g (u)du
]∣∣∣∣∣ |f ′ (t)| dt
≤
1
b− a
sup
t∈[a,b]
(t− a)
∣∣∣∣∣ 1t− a
∫ t
a
g (u)du −
1
b− a
∫ b
a
g (u) du
∣∣∣∣∣ ·
∫ b
a
|f ′ (t)| dt.(3.7)
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But
1
b− a
sup
t∈[a,b]
(t− a)
∣∣∣∣∣ 1t− a
∫ t
a
g (u)du −
1
b− a
∫ b
a
g (u) du
∣∣∣∣∣
≤
1
(b − a)

‖g′‖
p
(q+1)1/q(b−a)1/q
sup
t∈[a,b]
{
(t− a) (b− t)
1
q [(t− a)
q
+ (b− t)
q
]
1/q
}
, g′ ∈ Lp [a, b] ,
‖g′‖
1
b−a sup
t∈[a,b]
(t− a) (b− t) , g′ ∈ L1 [a, b] ,
=

(b−a)
4(q+1)1/q
· ‖g′‖p , g
′ ∈ Lp [a, b] ,
1
4 ‖g
′‖1 , g
′ ∈ L1 [a, b] ,
which proves the first and the second inequalities in (3.6). 
Theorem 8. Let f, g : [a, b] → R be two absolutely continuous on [a, b]. If f ′ ∈
Lα[a, b], α > 1,
1
α +
1
β = 1, then
(3.8) |T (f, g)|
≤

(b−a)
1
β
2 · B
1
β (β + 1, β + 1) · ‖f ′‖α · ‖g
′‖
∞
, if g′ ∈ L∞ [a, b]
(b−a)
1+ 1
β
(q+1)1/q
· B
1
β
(
β + 1, βq + 1
)
‖g′‖p ‖f
′‖α · ‖g
′‖p , if g
′ ∈ Lp [a, b] ,
p > 1, 1p +
1
q = 1;
(b− a)
1
β · B
1
β (β + 1, β + 1) · ‖f ′‖α · ‖g
′‖1 , if g
′ ∈ L1 [a, b]
Proof. Taking the absolute value in (3.2) and utilizing the triangle inequality. As
f ′ ∈ Lα([a, b]), we have
(3.9)
|T (f, g)| ≤
1
b− a
∫ b
a
∣∣∣∣∣(t− a)
[
1
t− a
∫ t
a
g (u) du−
1
b− a
∫ b
a
g (u)du
]∣∣∣∣∣ |f ′ (t)| dt
≤
1
b− a
∫ b
a
|t− a|
β
∣∣∣∣∣ 1t− a
∫ t
a
g (u)du−
1
b− a
∫ b
a
g (u) du
∣∣∣∣∣
β
dt
1/β (∫ b
a
|f ′ (t)|
α
dt
)1/α
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Now, in (1.1) put d = t and c = a, then∣∣∣∣∣ 1t− a
∫ t
a
g (u)du−
1
b− a
∫ b
a
g (u) du
∣∣∣∣∣ ≤ b− t2(b− a) · ‖g′‖∞
Substituting in (3.10) we get
|T (f, g)| ≤
1
2(b− a)2
· ‖f ′‖α · ‖g
′‖
∞
(∫ b
a
(t− a)
β
(b− t)
β
dt
) 1
β
=
(b − a)
1
β
2
· B
1
β (β + 1, β + 1) · ‖f ′‖α · ‖g
′‖
∞
which prove the first inequality in (3.8).
To prove the second and third inequalities in (3.8), we apply (1.2), by setting
d = t and c = a, we get
(3.10)
∫ b
a
|t− a|
β
∣∣∣∣∣ 1t− a
∫ t
a
g (u) du−
1
b− a
∫ b
a
g (u) du
∣∣∣∣∣
β
dt
≤

‖g′‖
β
p
(q+1)β/q(b−a)
β
q
∫ b
a (t− a)
β
(b− t)
β
q [(t− a)
q
+ (b− t)
q
]
β/q
dt,
if g′ ∈ Lp [a, b] , β > 1, 1 < p <∞,
1
p +
1
q = 1;
1
(b−a)β ‖g
′‖
β
1 ·
∫ b
a (t− a)
β(b − t)β , if g′ ∈ L1 [a, b] .
≤

‖g′‖
β
p
(q+1)β/q(b−a)
β
q
sup
t∈[a,b]
[(t− a)
q
+ (b− t)
q
]
β/q ∫ b
a (t− a)
β
(b− t)
β
q dt,
if g′ ∈ Lp [a, b] , β > 1, 1 < p <∞,
1
p +
1
q = 1;
1
(b−a)β
‖g′‖β1 · (b− a)
2β+1 B (β + 1, β + 1) , if g′ ∈ L1 [a, b] .
=

(b−a)(2+
1
q )β+1
(q+1)β/q(b−a)
β
q
· B
(
β + 1, βq + 1
)
‖g′‖
β
p ,
if g′ ∈ Lp [a, b] , β > 1, p > 1,
1
p +
1
q = 1;
1
(b−a)β ‖g
′‖
β
1 · (b− a)
2β+1
B (β + 1, β + 1) , if g′ ∈ L1 [a, b] .
Substituting (3.10) in (3.9), we get
|T (f, g)|
≤
‖f ′‖α
(b− a)

(b−a)
2+ 1
β
(q+1)1/q
· B
1
β
(
β + 1, βq + 1
)
‖g′‖p ,
if g′ ∈ Lp [a, b] , β > 1, p > 1,
1
p +
1
q = 1;
(b− a)
1+ 1β · B
1
β (β + 1, β + 1) · ‖g′‖1 , if g
′ ∈ L1 [a, b] .
which proves the second and the third inequalities in (3.8). 
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Remark 1. In (3.8) we have the following particular cases
(1) If α = p and β = q, then we have
|T (f, g)| ≤
(b− a)
1+ 1q
(q + 1)1/q
· B
1
q (q + 1, 2) ‖f ′‖p · ‖g
′‖p .
(2) If α = q and β = p, then we have
|T (f, g)| ≤
(b− a)
1+ 1p
(q + 1)
1/q
· B
1
p
(
p+ 1,
p
q
+ 1
)
‖f ′‖q · ‖g
′‖p .(3.11)
In (3.11), as q = 1 and p =∞,
|T (f, g)| ≤
b− a
8
‖f ′‖1 ‖g
′‖
∞
.
which improves (2.10).
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